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A semiclassical quantization condition is derived for Landau levels in general spin-orbit coupled
systems. This generalizes the Onsager quantization condition via a matrix-valued phase which
describes spin dynamics along the classical cyclotron trajectory. We discuss measurement of the
matrix phase via magnetic oscillations and electron spin resonance, which may be used to probe
the spin structure of the precessing wavefunction. We compare the resulting semiclassical spectrum
with exact results which are obtained for a variety of spin-orbit interactions in 2D systems.
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I. INTRODUCTION
Two-dimensional (2D) semiconductor systems offer
strong and tunable intrinsic spin-orbit interactions1,2
which have been exploited in recently proposed spintronic
devices3–6. In these systems, the close relationship be-
tween charge and spin dynamics produces strongly modi-
fied electronic transport properties which are exhibited in
a range of effects including the anomalous Hall effect7–9,
the spin Hall effect10–13 and weak antilocalization14. In
the past, quantum interference measurements have been
proposed as a probe of the spin-orbit interaction in low-
dimensional semiconductor heterostructures due to their
sensitivity to quantum phases arising from coherent spin
precession accompanying ballistic transport15–19. In par-
ticular, the role of adiabatic and non-adiabatic phases in
magnetic oscillations20,21 is of high interest due to the
fact that oscillatory magnetotransport experiments have
provided crucial measurements of the spin-orbit coupling
in these systems1,2,22–31. Furthermore, recent experimen-
tal and theoretical studies of 2D Dirac systems such as
graphene and surface states of three-dimensional topolog-
ical insulators have highlighted the role of the geometric
phase in particular in magnetotransport32–41.
In this work we derive an expression for the Lan-
dau level spectrum of a 2D system with spin-orbit in-
teraction via a generalization of the Onsager quantiza-
tion condition42 to account for non-trivial spin dynamics.
Spin evolution is encoded in the SU(2) phase represent-
ing the total rotation of an initial spin state around a
period of cyclotron motion. This SU(2) phase is nec-
essary to describe non-adiabatic spin dynamics which is
present when the effective magnetic field in momentum
space describing the spin-orbit interaction is not suffi-
ciently strong to locally polarize the spin of the particle
along the orbit19,43. We evaluate the semiclassical spec-
trum for the cases when the spin-orbit effective magnetic
field is simply rotating in momentum space with a single
winding number and compare to the exact solutions for
a variety of spin-orbit interactions in semiconductor sys-
tems, including several cases which have not been previ-
ously mentioned in the literature. In addition, we show
that magnetic oscillations and electron spin resonance
(ESR) serve as effective probes of the precessing spin
structure of Landau level states.
This paper is organized as follows: in Section II we de-
rive the semiclassical quantization condition and a gen-
eral expression for the Landau level spectrum of spin-
orbit coupled system, accounting for spin dynamics via a
matrix valued phase. In Section III we discuss magnetic
oscillations and derive the expression for the oscillatory
density of states in terms of the matrix-valued phase. In
Section IV we evaluate the level spectrum and eigenstates
for a rotating spin-orbit interaction with fixed winding
number. We also calculate exact results for a variety of
interactions in p-type systems and present a comparison
of the semiclassical and exact results for these as well as
for previously discussed results in n-type systems.44–47
In Section V we discuss ESR as a probe of the spin-orbit
interaction type and evaluate the ESR matrix elements
for the cases discussed in Section IV. Our summary and
concluding remarks are presented in Section VI.
II. SPECTRUM OF LANDAU LEVELS WITH
SPIN-ORBIT INTERACTION
We consider a 2D electron or hole gas in perpendicular
magnetic field, described by the Hamiltonian
H =
pi2x + pi
2
y
2m
+Hs(pix,piy) , Hs = β(pix,piy) · σ (1)
where pi = (pix,piy) = p−eA are the operators of kinetic
momentum48 (e is the charge of the electron or hole) and
m is the effective mass. For electron systems, the Pauli
matrices σ act on spin, while for hole systems, σ acts on
the doublet of heavy hole states49. The spin-dependent
interaction Hs, accounting for the spin-orbit interaction
in addition to Zeeman coupling to the external magnetic
field, will be expressed in terms of the effective magnetic
field in momentum space, β = (βx, βy, βz).
Since the kinetic momenta satisfy a commutation re-
lation [pix,piy] = ieBz, we may construct annihilation
and creation operators a,a† with a = pix+iηpiy|2eBz| where η
is the sign of the charge, with the corresponding number
ar
X
iv
:1
60
3.
07
45
0v
1 
 [c
on
d-
ma
t.m
es
-h
all
]  
24
 M
ar 
20
16
2operator
N = a†a =
pi2x + pi
2
y
|2eBz| −
1
2
. (2)
It is possible to diagonalize the Hamiltonian (1) in the
number representation, as has been done in previous ap-
proaches to the problem44–47. We consider however the
semiclassical picture, in which the spectrum is related
to the dynamics of wavepackets moving along the cy-
clotron trajectory. Due to the spin-orbit interaction, a
wavepacket in some initial polarization state will precess
along the orbit, and generally undergo a rotation after
a complete revolution, which is described by an SU(2)
matrix. Thus for the purposes of semiclassical quantiza-
tion the phase is matrix-valued, and the spectrum will
be determined by the eigenvalues and eigenvectors of the
matrix-valued phase. In order to rigorously derive this
result, we introduce the spinor wavefunction ψ(θ) which
varies along the angle θ in momentum space. Explicitly,
this is given by ψ(θ) = 〈θ|ψ〉 where the states |θ〉 are
related to number eigenstates via50
|θ〉 =
∞∑
n=0
eiηnθ|n〉 , η = sgn(e) . (3)
where |n〉 are eigenstates of the number operator. Here
we assume Bz > 0. The basis states |θ〉 are eigenstates of
the operators eiθ, e−iθ which are related to the momen-
tum operators via
a = eiθ
√
N =
pix + iηpiy
|2eBz| . (4)
Note that the number operator corresponds to the clas-
sical action coordinate, while θ is simply the angle in
momentum space, (pix, piy) = (|pi| cos θ, |pi| sin θ). Thus in
the semiclassical limit the wavefunction ψ(θ) represents
the motion of a particle in momentum space as a function
of the angle θ.
In order to obtain the Schro¨dinger equation for ψ(θ)
then obtained from the Hamiltonian (1), we note that
the classical coordinates (θ,N) are canonically conjugate,
which implies that the operator N takes the form of a
derivative operator in the θ representation. Explicitly
acting on the basis (3) with N shows that
〈θ|N |ψ〉 = iη d
dθ
〈θ|ψ〉 = iη dψ(θ)
dθ
. (5)
Thus the first term in (1) may be replaced with
pi2x+pi
2
y
2m →
ω(iη ddθ +
1
2 ) where ω = | eBzm | is the cyclotron frequency,
and the effective magnetic field may be regarded as a
function of the coordinates (θ,N → iη ddθ ). Thus the
Schro¨dinger equation for ψ(θ) reads:[
iηω
d
dθ
+ β(θ, iη
d
dθ
) · σ − E + ω
2
]
ψ(θ) = 0 , ω =
|eBz|
m
.
(6)
In the absence of spin-orbit interaction, β = 0, the wave-
function satisfies the equation
iη
dψ
dθ
= νψ, ν =
E
ω
− 1
2
(7)
which yields the wavefunction
ψ(θ) = e−iηνθ , (8)
corresponding to a circular orbit in momentum space,
with η = sgn(e) indicating the direction in which the
circle is traversed (clockwise for η > 0 and anticlock-
wise for η < 0). (This is simply the wavefunction of the
harmonic oscillator in the phase representation.50) Sin-
gle valuedness of the wavefunction then requires ν to be
an integer, which of course yields the usual Landau level
spectrum En = (n +
1
2 )ω. However, ν is also related to
the average momentum of the orbit via
〈pi2〉 = |2eBz|(〈N〉+ 1
2
) = |2eBz|(ν + 1
2
) . (9)
Thus single valuedness of the wavefunction in the θ-
representation is equivalent to Onsager’s quantiztion
rule42, that the area of the momentum space orbit must
be quantized:
1
|2eBz|
∫ 2pi
0
pi2dθ = 2pi(n+
1
2
) . (10)
In the presence of spin-orbit coupling the spinor ψ(θ)
generally precesses as a function of θ under the influence
of the effective magnetic β(θ,N). In the semiclassical
re´gime, 〈N〉  1 the wavefunction takes the form of a
Born-Oppenheimer product of orbital and spin factors,
ψ(θ) = e−iηνθχ(θ) . (11)
The first factor in (11) corresponds to an orbital
trajectory in momentum space with radius |pi| =√
|2eBz|(ν + 12 ) (and we assume χ†χ = 1). When χ(θ)
is slowly varying compared to the orbital factor, we may
replace the action of the derivative with the semiclassi-
cal variable ν in β(θ, iη ddθ )→ β(θ, ν). This requires that
the spin-orbit effective magnetic field be much smaller
than the total energy, |β(ν, θ)|  E, as well as dχdθ  ν.
Nevertheless, this does not require |β(ν, θ)|  ω (this
inequality is violated, e.g. in the re´gime of double mag-
netic focusing51). Thus the Schro¨dinger equation for spin
reads
−iηωdχ
dθ
= [β(θ, ν) · σ − ωδ]χ (12)
where δ is a parameter defined by
E = ω(ν +
1
2
+ δ) . (13)
Equation (12) is identical to the equation of motion
for a precessing wavepacket moving along the classi-
cal cyclotron orbit, (ν = const., θ = −ηωt) if the left
3hand side is replaced by the time along the trajectory,
−iηω ddθ = i ddt . We may divide the evolution of spin into
two parts, χ(θ) = e−iηδθU(θ)χ(0) where U(θ) is an SU(2)
matrix,
U(θ) = Peiηω−1
∫ θ
0
[β(ν,θ)·σ]dθ , (14)
where P indicates path-ordering. Over a complete or-
bit, the spin wavefunction accumulates a complex phase
factor, as well as a rotation generated by the matrix-
valued phase U(2pi); however in a stationary state, the
spin polarization must return to its initial value after
a complete orbit, implying that the spinors χ(0) and
χ(2pi) = e−2piiηδU(2pi)χ(0) differ at most by a phase. It
follows that χ(0) = χ± is an eigenvector of U(2pi). Since
U(2pi) is an SU(2) matrix, its eigenvalues e+iΦ, e−iΦ are
complex conjugate, and the phase accumulated due to
unitary transformations of spin over a complete orbit for
an initial spin state χ± is equal to e±iΦ. The wavefunc-
tion ψ(θ) must be single valued, implying the quantiza-
tion condition
2pi(ν + δ)± Φ = 2pin , (15)
Recalling the definition (13), this gives a relationship be-
tween the spectrum and the eigenvalues of the matrix
phase U(2pi) in the semiclassical limit,
En,± = ω(n+
1
2
± Φ
2pi
) . (16)
The matrix phase is fully determined by the path ordered
exponential (14) which depends on the radius of the or-
bital trajectory, |pi| =
√
|2eBz|(ν + 12 ). Nevertheless, the
quantization condition (15) does not fix ν and δ individ-
ually, but only the combination ν+ δ, with δ being a free
parameter corresponding to an arbitrary choice of the
phase of χ. The choice of δ is fixed by the requirement
for the validity of the Born-Oppenheimer approximation,
dχ
dθ  ν. This requires δ  ν. Since the total phase
accumulated by χ in a stationary state is 2piδ ± Φ, we
must minimize the variation of χ along the trajectory by
choosing the phase of χ so that ν is an integer,
δ = ∓ Φ
2pi
, ν = n . (17)
Thus the spectrum is determined by the eigenvalues of
the matrix phase U(2pi) evaluated for orbits in momen-
tum space with radius |pin| =
√
|2eBz|(n+ 12 ). Note
that in the absence of electric fields the Hamiltonian
(1) commutes with the guiding center operators X =
x +
piy
eBz
, Y = y − pixeBz , thus each Landau eigenstate
may be chosen to be a simultaneous eigenstate of X,Y .
This leads to the usual degeneracy per unit area |eBz|2pi .
The quantization condition (15) may be expressed in
terms of the energy,
J±(E) = 2pimE|eBz| ∓ Φ = 2pi(n±(E) +
1
2
) . (18)
The left-hand side of (18) is equal to total phase accu-
mulated by the wavefunction ψ(θ) in a stationary state,
and is therefore equal the classical action integrated over
a single period. At a given energy, there exist two orbits,
whose radii in momentum space are given by (from (13))
1
|2eBz|
∫
pi2±dθ = 2pi(n±(E) +
1
2
) (19)
and may be determined e.g. from magnetic focusing.51
The periods of the two spin trajectories are given by the
derivative of the action with respect to the energy,
T± =
2pi
ω±
=
dJ±
dE
=
2pim
|eBz| ∓
dΦ
dE
, (20)
regarding E as a continuous variable in the semiclassical
limit.
While we have performed a detailed derivation in the
case of a quadratic dispersion, it is intuitively clear that
our argument and results may be rigorously general-
ized to the case of non-quadratic dispersions, pi
2
2m →
(pi). In this case the wavefunction (11) takes the form
ψ(θ) = e−
iη
|2eBz|
∫
pi2dθ+ iηθ2 χ(θ) where χ(θ) satisfies the
same Schro¨dinger equation, (12) with the spin-orbit in-
teraction β(pix, piy) evaluated for quantized orbits of con-
stant energy satisfying the condition 1|2eBz|
∫
pi2ndθ =
2pi(n + 12 ). The spectrum (16) for non-quadratic dis-
persions becomes
En,± = (pin) + ω(
1
2
± Φ
2pi
) , (21)
where the oscillator frequency ω must be calculated from
the classical equations of motion corresponding to the
general dispersion (pi).
III. MAGNETIC OSCILLATIONS
According to Onsager’s principle, the oscillations in
resistivity of a 2D system as function of perpendicular
magnetic field directly measure the semiclassical phase
(18) accumulated over an orbit for a particle at the Fermi
energy.42 We will calculate the oscillating resistivity for
a general spin-orbit coupled system in a similar man-
ner to the method of Lifshitz and Kosevich52. In the
Drude approximation the conductivity is proportional to
the density of states
A(E) = −|eBz|
4pi2
TrGR = −|eBz|
4pi2
Im
∑
n,σ=±
1
E − Enσ + i2τ
(22)
where the retarded Greens function GR is averaged over
disorder, and we have included the Landau level de-
generacy factor |eBz|2pi . We only consider the situation
where impurities are short-ranged, so that relaxation is
4described in first order by a single parameter τ−1 equal
to the total scattering cross section at53 Bz = 0. Apply-
ing the Poisson summation formula to (22), one regards
En± → E±(J ) as a function of the continuous variable
J (18):
A(E) = −|eBz|
4pi2
Im
∞∑
l=0,σ=±
∫
e−il(J−pi)
E − Eσ(J ) + i2τ
dJ .
(23)
Performing a change of variables and a contour integra-
tion gives the density of states at E = EF
A(EF ) =
|eBz|
2pi
∞∑
l=0,σ=±
1
ωσ
e−
pil
ωστ cos [lJσ(EF )− lpi] ,
=
|eBz|
2pi
∞∑
l=0,σ=±
1
ωσ
e−
pil
ωστ cos l
[
2piEF
ω
− pi − σΦ(EF )
]
,
(24)
where ωσ = ω± are the frequencies of the spin trajec-
tories (20). The spin-dependent phase shift in magnetic
oscillations is therefore equal to +Φ,−Φ for orbits eval-
uated at the Fermi energy. In the semiclassical regime,
n  1, the difference between ω+, ω− may be neglected
in the first approximation (typically oscillations are ob-
served up to n ≈ 40 in electron systems1 and n ≈ 20 in
hole systems2,43). Accounting for only the first harmonic
in (24), the resistivity becomes
ρxx(Bz) = ρxx(0)(1 + e
− piωτ cos Φ(EF ) cos 2pi
[
EF
ω
− 1
2
]
) ,
(25)
and the oscillatory part vanishes when Φ(EF ) = pi(n+
1
2 ).
Since the spin-orbit interaction is generally highly tun-
able by experimental parameters1,2, measurement of the
envelope cos Φ over a range of parameters would per-
mit the indirect mapping of semiclassical spin dynamics
along the cyclotron trajectory (as we shall demonstrate
in Section IVC).
A. Berry phase
In the typical experimental situation reported in
magnetotransport measurements in n-type narrow gap
systems,1,22–29 the spin-orbit interaction is sufficiently
strong |β(ν, θ)|  ω, that spin precession is adiabatic,
i.e. the spin polarization is locally aligned with the vec-
tor β(ν, θ) along the cyclotron orbit. In this re´gime
the phase Φ contains a Berry phase54 contribution ϕB
equal to − 12× the solid angle enclosed by the precessing
spin polarization on the sphere. While this contribu-
tion has been experimentally observed33–36 and theoret-
ically studied38–41 in the context of 2D Dirac materials,
measurement of the Berry phase via magnetotransport in
semiconductor systems has yet to be reported. Neverthe-
less, Eq. (25) demonstrates that the Berry phase should
appear as a correction to the phase of the resistivity os-
cillations, typically of order pi for strong spin-orbit inter-
action, which may significantly alter the amplitude of the
oscillating resistivity. In the case of a strong Rashba in-
teraction, the Berry phase ϕB = pi is a constant shift
corresponding to a phase inversion of the oscillations.
The phase may be expressed in terms of the spin-split
densities measured at zero magnetic field,
J±(EF )→ 4piρ±|2eBz| ∓ ϕB . (26)
When the Berry phase is constant as a function of the
perpendicular field, it does not affect the spin-split den-
sities ρ± which are usually extracted by performing a
Fourier transform of the resistivity. In this case, the
Berry phase appears only as a constant shift of the oscilla-
tions. Explicitly, the Fourier transform of the resistivity
with respect to the inverse magnetic field is given by
F(r) =
∫
eibrρxx(b)db , b =
8pi2
|2eBz| (27)
and the maxima of the function F(r) occur at
r = r+, r− , r± =
ρ
2
∓ ∂Φ
∂b
= ρ± ± ∂ϕB
∂b
. (28)
Note that we assume that the spin-orbit interaction is
held constant while Bz is varied. While in general,
the derivative of the Berry phase appears as a cor-
rection to the peaks of the Fourier transform (along-
side the zero-field densities ρ±), in the limit of strong
spin-orbit interaction typically encountered in narrow-
gap semiconductors1,22–29, the Berry phase is a constant
shift and does not contribute to the position of the peaks:
a Fourier analysis of the oscillations gives only the zero-
field densities ρ±, which corresponds to the first term
in (26). Comparison to the envelope (25) can therefore
directly reveal the Berry phase shift.
In the general situation, determination of the zero-field
densities ρ± from a Fourier analysis of the oscillations is
not straighforward due to the presence of the derivative
of the Berry phase in (28). In this case, measuring the
oscillations at sufficiently low fields for which only one
species contributes to the resistivity22 would allow the
Berry phase to be simply extracted from the positions
of the maxima of the oscillations (as it is, e.g. in Dirac
semimetals33–36).
IV. THE CASE OF ROTATING
INTERACTIONS: COMPARISON OF EXACT
AND SEMICLASSICAL SOLUTIONS
In the typical experimental situation, semiconduc-
tor heterostructures are subject to the Rashba55 and
5Dresselhaus56 spin-orbit interactions, in addition to ap-
plied magnetic fields. The competition between these in-
teractions, which are often of the same order58–60 result
in complex spin trajectories which are reflected in both
the spectrum and magnetic oscillations via the spin evo-
lution matrix U(2pi) (14). Nevertheless, an important
situation arises when a single spin-orbit interaction is
present which corresponds to a field β which performs an
integer number of rotations W around a circle in momen-
tum space, β = (β‖ cos(Wθ+φ), β‖ sin(Wθ+φ), βz). We
consider the realisation of this situation in both electron
and hole systems. In electron systems, a pure Rashba
interaction, HR = α(pixσy −piyσx) corresponds to wind-
ing number W = +1, a pure Dresselhaus interaction
in zincblende systems confined perpendicular to a cu-
bic axis, HD = α(pixσx − piyσy) corresponds to winding
number W = −1.
In hole systems, the higher angular momentum J = 32
for holes implies that interactions linear in Jx, Jy have
higher winding numbers than their counterparts in elec-
tron systems. The Rashba and Dresselhaus interactions
correspond to W = +3 and W = +1 respectively, and an
applied in-plane magnetic field corresponds to W = +2.
This statement may be derived from the observation that,
for hole systems confined to a two-dimensional plane, the
low energy subspace consists of the heavy hole doublet
with angular momentum quantized along the perpendic-
ular axis, |+〉 = |Jz = 32 〉, |−〉 = |Jz = − 32 〉. Inter-
actions which are linear in Jx, Jy do not couple states
|+〉, |−〉. In order to obtain a coupling between these
states, it is necessary to account for the additional in-
teraction ∝ pi2+J2− + h.c. which appears in the Luttinger
Hamiltonian57. In combination with interactions linear
in Jx, Jy, this contributes a factor pi
2
+ which, after pro-
jection onto heavy hole states raises the winding num-
ber by 2. In perturbation theory one obtains, for an
in-plane magnetic field a Hamiltonian ∝ B+pi2+σ− + h.c.
with W = +2; for the Rashba interaction the Hamilto-
nian is ∝ ipi3+σ− with W = +3, and for the Dresselhaus
interaction the Hamiltonian is ∝ {pi2+,pi−}σ−+h.c. with
W = +1. In this section we present analytical results for
these situations, and compare the semiclassical approx-
imation to the exact spectra obtained from brute force
diagonalization.
Let us first consider the situation for a general winding
number W . The interaction with the effective magnetic
field may be written β ·σ = g(β0 ·σ)g−1 with g = e− iWσzθ2
and β0 = (β‖ cosφ, β‖ sinφ, βz) constant along the circu-
lar trajectory. Performing a transformation to the coro-
tating frame, χ = gχ′, the Schro¨dinger equation for spin
(12) reads
−iηωdχ
′
dθ
=
[
β0 · σ − ωδ + iηωg−1 ∂g
∂θ
]
χ′ ,
=
[
(β0 +
ηωWzˆ
2
) · σ − ωδ
]
χ′ . (29)
The effective magnetic field in the co-rotating frame is
static,
B = β0 + ηωW
2
zˆ , (30)
and direct integration gives the evolution operator (in
the laboratory frame)
U(θ) = e−
iWσzθ
2 e
iηθ
ω B·σ (31)
and the eigenvalues of U(2pi) are given by
e±iΦ = e−ipiW±
2piiη|B|
ω . (32)
The phase Φ of the eigenvalues are unambiguously de-
fined only up to a multiple of 2pi. In order to select the
phase Φ, we note that the Born-Oppenheimer approxi-
mation is valid only when the spin state χ is slowly vary-
ing. The spin states (in the laboratory frame) are given
explicitly by
χ+(θ) = e
iη|B|θ
ω − iΦθ2pi (cos
ζ
2
e−
iWθ
2 |+〉+ sin ζ
2
e
iWθ
2 +iφ|−〉) ,
χ−(θ) = e−
i|B|θ
ω +
iΦθ
2pi (− sin ζ
2
e−
iWθ
2 −iφ|+〉+ cos ζ
2
e
iWθ
2 |−〉)
(33)
where ζ is the angle between B and the plane,
tan ζ =
B‖(ν)
Bz(ν) , (34)
|+〉, |−〉 are spin states with polarization along the z-
axis, and β0 = (β‖ cosφ, β‖ sinφ, βz). The spin-up and
spin-down components of χ± accumulate different phases
over the orbital trajectory. We may define Φ so that
the largest spin component of χ+ is constant, with the
smaller spin component acquiring a phase of 2piW around
the trajectory. This choice ensures that as the spin-
orbit interaction is reduced to zero, the energies En± and
quantum states χ± are continuously related to the sim-
ply Zeeman-split levels in a uniform magnetic field. For
the case Bz > 0, the spin polarization is tilted above the
plane and the largest spin component is 〈+|χ+〉, while
for Bz < 0 the spin polarization is tilted below the plane
and the largest component is 〈−|χ+〉, thus:
Φ =
2piη|B|
ω
− piW sgn(βz + ηωW
2
) . (35)
Thus the wavefunctions are given by
ψn+(θ) = e
−iηnθ(cos
ζn
2
|+〉+ sin ζn
2
eiWθ+iφ|−〉) ,
ψn−(θ) = e−iηnθ(− sin ζn
2
e−iWθ−iφ|+〉+ cos ζn
2
|−〉)
(36)
for Bz = βz + ηωW2 > 0, and
ψn+(θ) = e
−iηnθ(cos
ζn
2
e−iWθ−iφ|+〉+ sin ζn
2
|−〉) ,
ψn−(θ)e−iηnθ(− sin ζn
2
|+〉+ cos ζn
2
eiWθ+iφ|−〉) (37)
6for Bz = βz + ηωW2 < 0, and ζn correspond to angles ζ
(34) evaluated for values of ν = n. The spin polarization
in the upper spin state ψ+ is along S ‖ β + ηωWzˆ2 , which
is tilted out of the plane due to the rotation of the effec-
tive magnetic field. This out-of-plane tilting is due to a
geometric term iηg−1 ∂g∂θ in the equation of motion (29).
In the adiabatic limit ω  |β|, spin will align along the
direction of the effective magnetic field, S ‖ β, neverthe-
less the geometric contribution leads to a correction to
Φ which is equal to the Berry phase discussed in Section
IIIA.
It follows from (16) that the spectrum is
En,± = ω(n+
1
2
)±
[
|B| − ηωW
2
sgn(βz +
ηωW
2
)
]
= ω(n+
1
2
)
±
[√
(βz +
ηωW
2
)2 + β2‖ −
ηωW
2
sgn(βz +
ηωW
2
)
]
(38)
where the effective magnetic field β(ν) is taken along mo-
mentum space orbits corresponding to integer values of
ν. We note that, while the choice of phase (35) minimises
the error in the semiclassical solution, we may arbitrarily
redefine the phase by addition of an integer multiple of
2pi. After re-labeling of Landau levels (which only affects
the ground state), addition of 2pi to the phase is equiva-
lent to a shift of index in the spin-dependent part of the
energy, En,± = ω(n+ 12 +
Φn
2pi )→ ω(n+ 12 + Φn+12pi ), which
leads to an error of the same order in the semiclassical
limit, although the numerical error may be larger for al-
ternative choices of Φ. We discuss this point further in
Appendix A. In the remainder of the section we shall ap-
ply these results to specific cases and compare them to
the exact solutions.
A. Rashba interaction in n-type systems
The case of Rashba and Dresselhaus interactions in n-
type systems has been extensively discussed in previous
literatue.44–47; we will review only the situation in which
one of these interactions is present. For the Rashba in-
teraction, the Hamiltonian is given by
H =
pi2
2m
+ αR(piyσx − pixσy)− gµBBz
2
σz , (39)
where αR is the Rashba constant, and the effective
magnetic field β(pix, piy) = (αRpiy,−αRpix,− gµBBz2 ) has
winding number W = +1. From (38) the semiclassical
solution is given by
En,± = ω(n+
1
2
)±
[√
(−ω
2
− gµBBz
2
)2 + α2R|2eBz|(n+
1
2
) +
ω
2
sgn(−ω
2
− gµBBz
2
)
]
. (40)
A derivation of the exact solution is presented in Appendix B. We obtain the exact spectrum
En,+ =

ω(n+ 12 ) +
[√
(ω2 +
gµBBz
2 )
2 + |2eBz|α2R(n+ 1) + ω2
]
, −ω2 − gµBBz2 > 0 ,
ω(n+ 12 ) +
[√
(ω2 +
gµBBz
2 )
2 + |2eBz|α2Rn− ω2
]
, −ω2 − gµBBz2 < 0
,
En,− =

ω(n+ 12 )−
[√
(ω2 +
gµBBz
2 )
2 + |2eBz|α2Rn+ ω2
]
, −ω2 − gµBBz2 > 0 ,
ω(n+ 12 )−
[√
(ω2 +
gµBBz
2 )
2 + |2eBz|α2R(n+ 1)− ω2
]
, −ω2 − gµBBz2 < 0
(41)
The exact wavefunctions are given by
ψn,+(θ) = e
inθ(cos
ζn+1
2
|+〉+ i sin ζn+1
2
eiθ|−〉) ,
ψn,−(θ) = einθ(− sin ζn
2
e−iθ|+〉+ i cos ζn
2
|−〉) (42)
for −ω2 − gµBBz2 > 0, and
ψn,+(θ) = e
inθ(cos
ζn
2
e−iθ|+〉+ i sin ζn
2
|−〉) ,
ψn,−(θ) = einθ(− sin ζn+1
2
|+〉+ i cos ζn+1
2
eiθ|−〉) (43)
for −ω2 − gµBBz2 < 0. The angles ζn are defined in
the same way as in the previous section (34), tan ζn =
αR
√
|2eBz|n
−ω2−
gµBBz
2
.
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FIG. 1. (Color online). Energies of Landau level states
n = 10, 20, 30, 40 in n-type 2D system in the presence of a
Rashba interaction, plotted as a function of the dimension-
less constant α˜R =
αRpF
EF
where EF = 73meV is the Fermi
energy corresponding to a 2D electron gas with typical ex-
perimental density1 ρ = 7 × 1011cm−2 (the Fermi energy is
indicated by the dashed horizontal line) and band parame-
ters corresponding to InAs. The left panel shows energies as
a function of Bz at αR = 0 and the right panel shows energies
as a function of α˜R at Bz = 0.5T. Red and blue lines indicate
states of opposite spin. The difference between the exact (41)
and semiclassical (40) solutions is not visible.
FIG. 2. (Color online.) Spin precession of Landau eigenstates
along the momentum space trajectory due to the Rashba in-
teraction in n-type InAs, shown for the highest filled Landau
level (n = 29) at experimental density1 ρ = 7 × 1011cm−2.
The spin polarization is indicated by red arrows, and the ef-
fective magnetic field β is indicated by blue arrows.
The error in the semiclassical solution is ≈ sin2 ζ8n (En+−
En−). The Landau level energies for levels n =
10, 20, 30, 40 at Bz = 0.5T are plotted in Fig. 1 as
a function of the dimensionless parameter α˜R =
αRpF
EF
where EF = 73meV, pF are the Fermi energy and mo-
mentum corresponding to a 2D electron gas at experi-
mental density1 ρ = 0.6× 1012cm−2. The band parame-
ters are taken for InAs49, m = 0.0229me, g = −14.9. The
semiclassical and exact results are both shown, although
in this situation they are indistinguishable. For n  1
the wavefunctions (42) and (43) reduce to the semiclas-
sical expressions (36) and (37) with W = +1 and φ = pi2 .
The precessing wavefunction is illustrated in Fig. 2 for
the highest filled Landau level (n = 29) at the experi-
mental density with the same parameters used in Fig. 1.
The spin polarization ψ†(θ)σψ(θ) is indicated by red ar-
rows and the effective magnetic field β(θ) is indicated by
blue arrows. While the effective magnetic field is tilted
above the plane, the spin polarization is tilted below the
plane, illustrating the size of the geometric contribution
(30) B−β0 = −ω2 zˆ in the experimental parameter re´gime.
B. Dresselhaus interaction in n-type systems
We consider only the linear Dresselhaus interaction in
(100)-oriented heterostructures, for which the Hamilto-
nian is given by
H =
pi2
2m
+ αD(pixσx − piyσy)− gµBBz
2
σz , (44)
where αD is the Dresselhaus constant for the heterostruc-
ture. The rotating effective magnetic field, β(pix, piy) =
(αDpix,−αDpiy,− gµBBz2 ) has winding number W = −1,
and the semiclassical solution is identical in form to the
solution for the Rashba case (41) with the exception that,
in the spin-dependent part ω is replaced by −ω due to
the opposite winding number:
En,± = ω(n+
1
2
)±
[√
(
ω
2
− gµBBz
2
)2 + α2D|2eBz|n−
ω
2
sgn(
ω
2
− gµBBz
2
)
]
. (45)
8A derivation of the exact solution is presented in Appendix B. The exact energies are given by
En,+ =

ω(n+ 12 ) +
[√
(ω2 − gµBBz2 )2 + |2eBz|α2Dn− ω2
]
, ω2 − gµBBz2 > 0 ,
ω(n+ 12 +
[√
(ω2 − gµBBz2 )2 + |2eBz|α2D(n+ 1) + ω2
]
, ω2 − gµBBz2 < 0 .
(46)
En,− =

ω(n+ 12 )−
[√
(ω2 − gµBBz2 )2 + |2eBz|α2D(n+ 1)− ω2
]
, ω2 − gµBBz2 ,
ω(n+ 12 )−
[√
(ω2 − gµBBz2 )2 + |2eBz|α2Dn+ ω2
]
, ω2 − gµBBz2 < 0 .
The exact wavefunctions are given by
ψn,+(θ) = e
inθ(cos
ζn
2
|+〉+ sin ζn
2
e−iθ|−〉) ,
ψn,−(θ) = einθ(− sin ζn+1
2
eiθ|+〉+ cos ζn+1
2
|−〉) (47)
for ω2 − gµBBz2 > 0, and
ψn,+(θ) = e
inθ(cos
ζn+1
2
eiθ|+〉+ sin ζn+1
2
|−〉) ,
ψn,−(θ) = einθ(− sin ζn
2
|+〉+ cos ζn
2
e−iθ|−〉) (48)
for ω2 − gµBBz2 < 0. For n 1, the wavefunctions reduce
to their semiclassical expressions (36), (37) with W = −1
and φ = 0.
C. p-type systems with in-plane magnetic field
The Hamiltonian in case when both in-plane and per-
pendicular components of the magnetic field are present
is given by
H =
pi2
2m
− αH
2
(B+pi
2
+σ− +B−pi
2
−σ+)−
gµBBz
2
.
(49)
where αH is a constant which depends on the 2D con-
fining potential and the bulk g-factor. The rotating ef-
fective magnetic field is β(pix, piy) = −(αHB‖pi2‖ cos(2θ +
φ), αHB‖pi2‖ sin(2θ + φ),
gµBBz
2 ) where B+ = B‖e
iφ and
has winding number W = 2. Thus the semiclassical spec-
trum (38) is given by
En,± = ω(n+
1
2
)±
[√
(ω − gµBBz
2
)2 + (2eαHB‖Bz)2(n+
1
2
)2 − ωsgn(ω − gµBBz
2
)
]
. (50)
A derivation of the exact solution is presented in Appendix C. The exact energies are given by
En+ =

ω(n+ 12 ) +
[√
(ω − gµBBz2 )2 + (2eαHBzB‖νn)2 − ω
]
, ω − gµBBz2 > 0 ,
ω(n+ 12 ) +
[√
(ω − gµBBz2 )2 + (2eαHBzB‖νn+2)2 + ω
]
, ω − gµBBz2 < 0 .
(51)
En− =

ω(n+ 12 )−
[√
(ω − gµBBz2 )2 + (2eαHBzB‖νn+2)2 − ω
]
, ω − gµBBz2 > 0 ,
ω(n+ 12 )−
[√
(ω − gµBBz2 )2 + (2eαHBzB‖νn)2 + ω
]
, ω − gµBBz2 < 0 .
where
νn =
√
n(n− 1) . (52)
The exact wavefunctions are
ψn,+(θ) = e
−inθ(cos
ζνn
2
|+〉+ sin ζνn
2
e2iθ|−〉) ,
ψn,−(θ) = e−inθ(− sin
ζνn+2
2
e−2iθ|+〉+ cos ζνn+2
2
|−〉)
(53)
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FIG. 3. (Color online). Energies of Landau level states
n = 4, 6, 8, 10, 12 in a 2D GaAs hole gas in the presence of
an in-plane magnetic field B‖, plotted as a function of the
dimensionless constant y = 2mαHB‖. The left panel shows
energies as a function of Bz at y = 0 and the right panel
shows energies as a function of y at Bz = 0.2T. The exact
solutions (51) are indicated in solid lines, and the semiclassical
approximation (50) is indicated in dashed lines. Red and blue
lines indicate states of opposite spin. The Fermi energy EF =
0.89meV corresponding to the typical experimental density43
ρ = 9.3×1010cm−2 is indicated by the dashed horizontal line.
The arrows indicate possible ESR transitions (discussed in
Section V).
for ω − gµBBz2 > 0, with B+ = B‖eiφ and
ψn,+(θ) = e
−inθ(cos
ζνn+2
2
e−2iθ|+〉+ sin ζνn+2
2
|−〉) ,
ψn,−(θ) = e−inθ(− sin ζνn
2
|+〉+ cos ζνn
2
e2iθ|−〉) (54)
for ω − gµBBz2 < 0, and the angles ζνn are given by
tan ζνn =
2eαHBzB‖νn
ω − gµBBz2
. (55)
For n 1 we have νn → n and the exact wavefunctions
reduce to the semiclassical expressions (36), (37) with
W = +2.
The error in the semiclassical solution is
≈ 12n sin2 ζνn(En+ − En−). The Landau level ener-
gies for n = 4, 6, 8, 10, 12 are plotted in Fig. 3 as a
function of the dimensionless parameter y = 2mαHB‖ for
a GaAs 2D hole system, with effective mass m = 0.25me
corresponding to the experimental situation reported
in43. We also take a value for the g-factor in GaAs49
g = 6κ = 7.2. The experimentally measured value of
αH in experiment corresponds to y = 0.029 at B‖ = 1T.
The exact solution (51) is shown in solid lines and the
semiclassical solution (50) is shown in dashed lines. The
horizontal dashed line indicates the Fermi energy at
experimental density43 ρ = 9.3× 1010cm−2.
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FIG. 4. (Color online). The oscillating resistivity Rxx(Bz)
(arbitrary units) as a function of B−1z , with the ratio
Bz
Bx
=
tan θtilt kept fixed. The values of θtilt corresponding to the
individual traces are shown on the right of the figure. The
solid lines indicate the oscillations obtained from the exact
solution (51) while the dashed lines indicate the semiclassical
solution (50). The semiclassical and exact results can only be
distinguished for angles θtilt = 3
◦, 4◦, 5◦.
The oscillating resistivity Rxx(Bz)Rxx(Bz=0) is plotted in Fig.
4 for various values of Bx, with the ratio
Bz
Bx
= tan θtilt
kept fixed. The tilt angles θtilt corresponding to the in-
dividual traces are shown on the right side of the figure.
The solid line indicates the oscillations obtained from the
exact solution (50), while the dashed line indicates the
semiclassical solution (49). The semiclassical and exact
results can only be distinguished at the lowest angles,
θtilt = 3
◦, 4◦, 5◦. The precessing wavefunction is illus-
trated in Fig. 5 for the highest filled Landau level (n = 9
at Bz = 0.2T) at the experimental density with the same
band parameters used in Fig. 3. The in-plane magnetic
field Bx corresponds to a value y = 2mαHBx = 0.116.
The spin polarization ψ†(θ)σψ(θ) is indicated by red ar-
rows and the effective magnetic field β(θ) is indicated by
blue arrows. The difference between the spin polarization
and the effective magnetic field is given by the geometric
contribution (30) B−β0 = ωzˆ corresponding to a rotating
effective magnetic field with winding number W = +2.
D. Rashba interaction in p-type systems
The Hamiltonian in this case is given by
H =
pi2
2m
+
iα′R
2
(pi3+σ− − pi3−σ+) (56)
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FIG. 5. (Color online.) Spin precession of a Landau level
eigenstate along the momentum space trajectory due to an
in-plane magnetic field Bx corresponding to y = 2mαHBx =
0.116 in a GaAs hole gas, shown for the highest filled Landau
level (n = 9, Bz = 0.2T) at experimental density
43 ρ = 9.3×
1010cm−2. The spin polarization is indicated by red arrows,
and the effective magnetic field β is indicated by blue arrows.
where α′R is the Rashba constant for the heterostruc-
ture. The rotating effective magnetic field, β(pix, piy) =
(α′Rpi
3
‖ sin 3θ,−α′Rpi3‖ cos 3θ, gµBBz2 ) has winding number
W = 3. The semiclassical solution is given by (38)
En,± = ω(n+
1
2
)±
[√
(
3ω
2
− gµBBz
2
)2 + (α′R)2(2eBz)3(n+
1
2
)3 − 3ω
2
sgn(
3ω
2
− gµBBz
2
)
]
. (57)
A derivation of the exact solution is presented in Appendix C. The exact energies are given by
En,+ =

ω(n+ 12 ) +
[√
( 3ω2 − gµBBz2 )2 + (α′R)2(2eBzνn)3 − 3ω2
]
, 3ω2 − gµBBz2 > 0 ,
ω(n+ 12 ) +
[√
( 3ω2 − gµBBz2 )2 + (α′R)2(2eBzνn+3)3 + 3ω2
]
, 3ω2 − gµBBz2 < 0
(58)
En,− =

ω(n+ 12 )−
[√
( 3ω2 − gµBBz2 )2 + (α′R)2(2eBzνn+3)2 − 3ω2
]
, 3ω2 − gµBBz2 > 0 ,
ω(n+ 12 )−
[√
( 3ω2 − gµBBz2 )2 + (α′R)2(2eBzνn)2 + 3ω2
]
, 3ω2 − gµBBz2 < 0
where
νn = (n(n− 1)(n− 2)) 13 (59)
and the wavefunctions are given by
ψn,+(θ) = e
−inθ(cos
ζνn
2
|+〉+ i sin ζνn
2
e3iθ|−〉) ,
ψn,−(θ) = e−inθ(− sin
ζνn+3
2
e−3iθ|+〉+ i cos ζνn+3
2
|−〉)
(60)
for 3ω2 − gµBBz2 > 0, and
ψn,+(θ) = e
−inθ(cos
ζνn+3
2
e−3iθ|+〉+ i sin ζνn+3
2
|−〉) ,
ψn,−(θ) = e−inθ(− sin ζνn
2
|+〉+ i cos ζνn
2
e3iθ|−〉) (61)
for 3ω2 − gµBBz2 < 0. Here the angles ζνn are given by
tan ζνn =
α′R(2eBzνn)
3
2
3ω
2 − gµBBz2
. (62)
For n 1 we have νn → n and the exact wavefunctions
reduce to the semiclassical expressions (36), (37) with
W = +3, φ = pi2 .
The error in the semiclassical solution is ≈
9
8n sin
2 ζνn(En+ − En−). The Landau level energies at
Bz = 0.5T are plotted in Fig. 6 for n = 4, 8, 12, 16 as
a function of the dimensionless parameter α˜′R =
α′Rp
3
F
EF
where the Fermi energy EF = 2meV (indicated by the
dashed horizontal line) corresponds to the experimental
density2 ρ = 3× 1011cm−2. The exact solutions (58) are
shown in solid lines, and the semiclassical solutions (57)
are shown in dashed lines.
The precessing wavefunctions are illustrated in Fig. 6
for the highest filled Landau level (n = 12) at the exper-
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FIG. 6. (Color online). Energies of Landau level states
n = 4, 8, 12, 16 in a 2D GaAs hole gas in the presence of a
Rashba interaction, plotted as a function of the dimensionless
constant α˜′R =
αRp
3
F
EF
where the Fermi energy EF = 2meV
(indicated by the dashed horizontal line) corresponds to the
typical experimental density2 ρ = 3 × 1011cm−2. The left
panel shows energies as a function of Bz at α˜
′
R = 0 and the
right panel shows energies as a function of α˜′R at Bz = 0.5T.
The exact solutions (58) are indicated in solid lines, and the
semiclassical approximation (57) is indicated in dashed lines.
Red and blue lines indicate states of opposite spin.
imental density with the same parameters used in Fig.
7. The spin polarization ψ†(θ)σψ(θ) is indicated by red
arrows and the effective magnetic field β(θ) is indicated
by blue arrows. The difference between the spin polar-
ization and the effective magnetic field is given by the
geometric contribution (30) B − β0 = 3ω2 zˆ correspond-
ing to a rotating effective magnetic field with winding
number W = +3.
E. Dresselhaus interaction in p-type systems
The Hamiltonian in the case of a pure Dresselhaus in-
teraction is given by
H =
pi2
2m
− gµBBz
2
σz
+
α′D
4
((pi2+pi− + pi−pi
2
+)σ− + (pi+pi
2
− + pi
2
−pi+)σ+) ,
(63)
where α′D is the Dresselhaus constant for the heterostruc-
ture. The rotating effective magnetic field, β(pix, piy) =
(−α′Dpi2piy, α′Dpi2pix, gµBBz2 ) has winding number W = 1.
The semiclassical solution is therefore given by (38)
En,± = ω(n+
1
2
)±
[√
(
ω
2
− gµBBz
2
)2 + (α′D)2(2eBz)3(n+
1
2
)3 − ω
2
sgn(
ω
2
− gµBBz
2
)
]
. (64)
A derivation of the exact solution is presented in Appendix C. The exact energies are given by
En,+ =

ω(n+ 12 ) +
[√
(ω2 − gµBBz2 )2 + (α′D)2(2eBzn)3 − ω2
]
, ω2 − gµBBz2 > 0 ,
ω(n+ 12 ) +
[√
(ω2 − gµBBz2 )2 + (α′D)2(2eBz(n+ 1))3 + ω2
]
, ω2 − gµBBz2 < 0
En,− =

ω(n+ 12 )−
[√
(ω2 − gµBBz2 )2 + (α′D)2(2eBz)2(n+ 1)2 − ω2
]
, ω2 − gµBBz2 > 0 ,
ω(n+ 12 )−
[√
(ω2 − gµBBz2 )2 + (α′D)2(2eBzn)2 + ω2
]
, ω2 − gµBBz2 < 0
(65)
and the wavefunctions are given by
ψn,+(θ) = e
−inθ(cos
ζn
2
|+〉+ sin ζn
2
eiθ|−〉)
ψn,−(θ) = e−inθ(− sin ζn+1
2
e−iθ|+〉+ cos ζn+1
2
|−〉)
(66)
for ω2 − gµBBz2 > 0, and
ψn,+(θ) = e
−inθ(cos
ζn+1
2
e−iθ|+〉+ sin ζn+1
2
|−〉)
ψn,−(θ) = e−inθ(− sin ζn
2
|+〉+ cos ζn
2
eiθ|−〉) (67)
for ω2 − gµBBz2 < 0. Here
tan ζn =
α′D(2eBzn)
3
2
ω
2 − gµBBz2
. (68)
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FIG. 7. (Color online.) Spin precession of Landau eigenstates
along the momentum space trajectory due to the Rashba in-
teraction shown for the highest filled Landau level (n = 12) at
the experimental density2 ρ = 3× 1011cm−2. The spin polar-
ization is indicated by red arrows, and the effective magnetic
field β is indicated by blue arrows.
For n  1 the exact wavefunctions reduce to the semi-
classical expressions (36), (37) with W = +1, φ = 0.
V. ELECTRON SPIN RESONANCE
In the past, both cyclotron resonance and electron spin
resonance (ESR) have been used to study the band pa-
rameters of 2D semiconductor systems61–64. In the ab-
sence of spin-orbit interaction, ESR occurs when the fre-
quency of the applied in-plane magnetic field coincides
with the energy splitting between Zeeman states belong-
ing to the orbital level, and therefore simply measures
the g-factor. In the presence of spin-orbit coupling, an
oscillating in-plane magnetic field may result in transi-
tions between different orbital levels, and we expect ESR
to be observed in the same range of frequencies as cy-
clotron resonance.
The ESR probability depends on the angle ζ (34) which
describes mixing between |+〉 and |−〉 states in the pre-
cessing Landau level wavefunctions. Thus while mag-
netic oscillations offer a sensitive probe of the phase of
the eigenvalues of the matrix phase U(2pi), ESR may pro-
vide a complementary measurement in the sense that it
probes the spin structure of the Landau level eigenstates.
Let us first consider the situation in electron systems.
The probability of transition between different levels,
n  1 may be calculated from the semiclassical wave-
functions (36), (37). An oscillating magnetic field applied
in the 2D plane, δH ∝ bxσx + byσy generates transitions
with probability amplitude
〈n′s′|bxσx + byσy|ns〉 =∫ [
χ†s′(θ)(bxσx + byσy)χs(θ)
]
ei(n−n
′)θ dθ
2pi
(69)
where χs = χns ≈ χn′s, since n, n′ are large. There are
transitions within the same orbital level (ψn+ → ψn−), as
well as transitions between different spin states in differ-
ent orbital levels, (ψn+ → ψn+2W,− for−Wω2 − gµBBz2 > 0
and ψn+ → ψn−2W,− for−Wω2 − gµBBz2 < 0). In addition,
there exist purely orbital transitions (ψn+ → ψn±W,+
and ψn− → ψn±W,−). The transition probabilities are
summarized in Table 1.
Let us now consider the case for hole systems. The
transition matrix element is given by
−αH〈n′s′|b+pi2+σ− + b−σ2−σ+|ns〉 =
−2eαHBzn
∫
χ†s′(θ)
[
b+e
2iθσ− + b−e−2iθσ+
]
χs(θ)e
i(n′−n)θ dθ
2pi
.
(70)
We obtain transitions within the same orbital level only
in the case W = 1 (corresponding, e.g. to the (100) Dres-
selhaus interaction). There are transitions between oppo-
site spin states (ψn+ → ψn−2W+2,−, ψn+ → ψn−2,− for
Wω
2 − gµBBz2 > 0 and ψn+ → ψn+2W−2,−, ψn+ → ψn+2,−
for Wω2 − gµBBz2 < 0), as well as purely orbital tran-
sitions (ψn+ → ψn+2−W,+, ψn− → ψn+W−2,−). These
results are summarized in Table 1. For the case W = 2,
the probability of transition between opposite spin states
exhibits a dependence on the direction of the oscillating
magnetic field. Let us consider the case when a static
magnetic field B‖ = (Bx, By) is present. The matrix
element for the transition is
〈ψn−2,−|δH|ψn,+〉 ∝ 1− sin
2 ζ
2
[1 + cos 2(φ− ϕ)] (71)
where φ−ϕ is the angle between the static and oscillating
magnetic field. These transitions are indicated by the
vertical arrows in Fig. 3.
VI. CONCLUSION
We have obtained a semiclassical expression for the
Landau level spectrum in a 2D spin-orbit coupled sys-
tem via the one-dimensional Schro¨dinger equation (12)
describing spin evolution around the cyclotron trajectory.
In the Born-Oppenheimer approximation, the semiclas-
sical quantization condition is strongly modified by spin
dynamics and the Landau level problem becomes equiv-
alent to that of calculating the SU(2) matrix U(θ) asso-
ciated with spin precession around a momentum space
orbit of fixed radius |pi| =
√
|2eBz|(n+ 12 ). In the semi-
classical quantization condition, the eigenvalues of U(2pi)
constitutes the spin-dependent correction to the phase,
and in the case of a rotating spin-orbit interaction, con-
tains a geometric contribution which is associated with
the out-of-plane tilting of the precessing spin wavefunc-
tions relative to the driving spin-orbit field β. The impor-
tance of the geometric contribution in the experimental
regime was illustrated for both n and p type systems in
Figs. 2,5,7. We have shown that magnetic oscillations di-
rectly probe the phase Φ of the eigenvalues U(2pi), while
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Transition |〈β|δH|α〉|2
Electrons
−Wω
2
− gµBBz
2
> 0
|n,+〉 → |n,−〉 cos4 ζ
2
|n,+〉 → |n+ 2W,−〉 sin4 ζ
2
|n,+〉 → |n−W,+〉
1
4
sin2 ζ|n,+〉 → |n+W,+〉
|n,−〉 → |n−W,−〉
|n,−〉 → |n+W,−〉
−Wω
2
− gµBBz
2
< 0
|n,+〉 → |n,−〉 sin4 ζ
2
|n,+〉 → |n− 2W,−〉 cos4 ζ
2
|n,+〉 → |n+W,+〉
1
4
sin2 ζ|n,−〉 → |n−W,+〉
|n,−〉 → |n+W,−〉
|n,−〉 → |n−W,−〉
Holes
Wω
2
− gµBBz
2
> 0
|n,+〉 → |n− 2,−〉 cos4 ζ
2
(W 6= 2)
|n,+〉 → |n+ 2− 2W,−〉 sin4 ζ
2
(W 6= 2)
|n,+〉 → |n− 2,−〉 1− sin2 ζ
2
[1 + cos 2(φ− ϕ)] (W = 2)
|n,+〉 → |n+ 2−W,+〉
1
4
sin2 ζ
|n,+〉 → |n+W − 2,+〉
|n,−〉 → |n+ 2−W,−〉
|n,−〉 → |n+W − 2,−〉
Wω
2
− gµBBz
2
< 0
|n,+〉 → |n+ 2,−〉 sin4 ζ
2
(W 6= 2)
|n,+〉 → |n+ 2W − 2,−〉 cos4 ζ
2
(W 6= 2)
|n,+〉 → |n− 2,−〉 1− sin2 ζ
2
[1 + cos 2(φ− ϕ)] (W = 2)
|n,+〉 → |n+ 2−W,+〉
1
4
sin2 ζ
|n,+〉 → |n+W − 2,+〉
|n,−〉 → |n+ 2−W,−〉
|n,−〉 → |n+W − 2,−〉
TABLE I. ESR matrix elements for transitions between precessing Landau level eigenstates in a spin-orbit field which rotates
about the z-axis with winding number W . The matrix element is given in terms of the angle ζ between spin polarization and
the z-axis, and in units (
gµB |B‖|
2
)2 for electrons and (2eαHBz|B‖|n)2 for holes. In the case of a static in-plane magnetic field
(W = 2), the ESR matrix element depends on the angle φ− ϕ between the static and oscillating magnetic fields.
in the rotating case ESR measures the polarization of pre-
cessing Landau states. When spin dynamics is controlled
by variation of external parameters such as the external
magnetic field and gate voltage, this allows mapping of
spin precession along the classical orbit.
Appendix A: Choice of Landau level labeling
In this appendix we present a more detailed derivation
of the semiclassical solutions (36), (37) and demonstrate
the choice for labeling Landau levels. The semiclassical
formalism for the wavefunction ψ(θ) = e−iηnθχ(θ) satis-
fies Eq. (12) for χ(θ)
−iηω∂χ
∂θ
= [β(θ, n) · σ − ωδ]χ (A1)
where the examples in this work have the form β(θ, n) =
[β‖ cos(Wθ+φ), β‖ sin(Wθ+φ), βz], W is an integer and
β‖ is implicitly n dependent. Using the unitary transfor-
mation g(θ) = e−
1
2 iWθσz and χ(θ) = e−
1
2 iφσzg(θ)χ′(θ) we
simplify the interaction term and the equation for χ′(θ)
(similar to Eq. (29))
e
i
2 (Wθ+φ)σz (β(θ) · σ)e− i2 (Wθ+φ)σz = β‖σx + βzσz
→ −iηω∂χ
′(θ)
∂θ
=
[
β‖σx + (βz +
1
2
ηωW )σz − ωδ
]
χ′(θ)
(A2)
We next rotate around the y axis by the angle ζ (Eq.
34) where cos ζ = β‖/|B|, sin ζ = (βz + 12ηωW )/|B| and
|B| =
√
β2‖ + (βz +
1
2ηωW )
2, so that the equation for
χ′′(θ) = e
1
2 iζσyχ′(θ) becomes
−iηω∂(χ
′′(θ))
∂θ
= [σz − ωδ]χ′′(θ)
→ χ′′(θ) ∼ eiη( 1ω |B|σz−δ)θ (A3)
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This latter form multiplies any θ independent spinor,
choosing the states (1, 0), (0, 1) we find the solutions
χ+(θ) = C+e
iη( 1ω |B|−δ)θ
(
e−
1
2 i(Wθ+φ) cos ζ2
e
1
2 i(Wθ+φ) sin ζ2
)
χ−(θ) = C−eiη(−
1
ω |B|−δ)θ
(
−e− 12 i(Wθ+φ) sin ζ2
e
1
2 i(Wθ+φ) cos ζ2
)
(A4)
where the constants C± are θ independent. Periodic
boundary condition, i.e. uniqueness of wavefunction im-
ply integers m±, hence two eigenvalues δ±, where
η(±|B| − ωδ±)± 1
2
Wω = m±ω
→ ωδ± = ±(|B|+ 1
2
ηWω)−m±ω (A5)
and exponents with 12W → − 12W are also integers since
the difference is an integer W. Hence
χ+(θ) = C+e
im+θ
(
e−iWθ−
iφ
2 cos 12ζ
e
iφ
2 sin 12ζ
)
χ−(θ) = C−eim−θ
(
−e− iφ2 sin 12ζ
eiWθ+
iφ
2 cos 12ζ
)
(A6)
It is interesting to note that while the full Hamiltonian
(1) is not time-reversal invariant, the one-dimensional
equation for spin (A1) is invariant under the time-reversal
operation T = iσyK (where K is complex conjuation).
Hence the solutions χ±(θ) are related by this operator so
that C− = C∗+ and m− = −m+.
The integers m± correspond to relabeling the Landau
level index n and within the semiclassical scheme any
choice with m±  n is acceptable. The energies are
then given by
E±n = ω(n+
1
2
) + ωδ±
= ω(n−m± + 1
2
)± (|B(n)|+ 1
2
ηWω)
→ ω(n′ + 1
2
)± (|B(n′ +m±)|+ 1
2
ηWω) (A7)
where the relabelling n → n′ = n + m± only affects
the lowest lying Landau levels which are not accessible
in the semiclassical method. In the semiclassical limit,
|B(n′)| ≈ |B(n)|, ζ(n′) ≈ ζ(n) for m±  n, so the ener-
gies and wavefunctions are unchanged under the relabel-
ing. For the reasons stated in the text, we have chosen the
solutions (36) corresponding to m± = ±W, C± = e± iφ2 ,
and (37) corresponding to m± = 0, C± = e∓
iφ
2 , which
minimise the leading error in the semiclassical scheme
and therefore have best agreement with the exact solu-
tions presented in Section IV.
Appendix B: Exact spectra for n-type systems
The Landau level spectrum of systems with a pure
Rashba or Dresselhaus interaction may be solved by in-
troducing creation and annihilation operators
a =
pi−√|2eBz| , a† = pi+√|2eBz| (B1)
and diagonalizing the Hamiltonian in the number basis
|n,±〉 = |n〉|±〉 where a†a|n〉 = n|n〉, σz|±〉 = ±|±〉.
1. Rashba interaction
The Hamiltonian is
H = ω(a†a+
1
2
) +
iαR
√|2eBz|
2
(aσ+ − a†σ−)− gµBBz
2
σz .
(B2)
The Rashba interaction HR ∝ iaσ+ + h.c. couples basis
states |n,−〉 and |n − 1,+〉 for n ≥ 1, with |0,−〉 being
an eigenstate with energy ω2 +
gµBBz
2 . The remaining
spectrum may be obtained by diagonalizing the 2 × 2
Hamiltonian
H →
(
ω(n+ 12 ) +
gµBBz
2 −iαR
√|2eBz|n
iαR
√|2eBz|n ω(n− 12 )− gµBBz2
)
(B3)
in the basis (|n,−〉, |n − 1,+〉) for n ≥ 1, which gives
energies
En,± = ωn±
√
(
ω
2
+
gµBBz
2
)2 + |2eBz|α2Rn . (B4)
When ω2 +
gµBBz
2 > 0, the energy of the eigenstate |0,−〉
coincides with E0,+; in the opposite situation it coincides
with E0,−. Therefore the complete spectrum is given by
En,+ , n = 0, 1, 2, . . .
En,− , n = 1, 2, . . . (B5)
for ω2 +
gµBBz
2 > 0, and
En,+ , n = 1, 2, . . .
En,− , n = 0, 1, 2, . . . (B6)
for ω2 +
gµBBz
2 < 0. The eigenstates are given by
ψn+ = cos
ζn
2
|n− 1,+〉+ i sin ζn
2
|n,−〉 ,
ψn− = − sin ζn
2
|n− 1,+〉+ i cos ζn
2
|n,−〉 (B7)
where
tan ζn =
αR
√|2eBz|n
−ω2 − gµBBz2
, (B8)
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and n takes the same values as in the expressions (B5),
(B6).
The wavefunctions ψn,±(θ) = 〈θ|ψn,±〉 in the θ-
representation may be obtained by use of Eq. (3); we
obtain
ψn,+(θ) = e
inθ(cos
ζn
2
e−iθ|+〉+ i sin ζn
2
|−〉) ,
ψn,−(θ) = einθ(− sin ζn
2
e−iθ|+〉+ i cos ζn
2
|−〉) . (B9)
After a shift of index, En− → En+1,−, ψn− → ψn+1,− for
ω
2 +
gµBBz
2 > 0 and En+ → En+1,+, ψn+ → ψn+1,+ for
ω
2 +
gµBBz
2 < 0 (so that the spectra in both spin series
begin with index n = 0), we obtain the energies (41) and
wavefunctions (42), (43) shown in the text.
2. Dresselhaus interaction
The Hamiltonian is
H = ω(a†a+
1
2
) +
αD
√|2eBz|
2
(aσ− + a†σ+)− gµBBz
2
σz .
(B10)
the Dresselhaus interaction HD ∝ aσ−+h.c. couples ba-
sis states |n,+〉 and |n−1,−〉 with |0,+〉 being an eigen-
state with energy ω2 − gµBBz2 . The remaining spectrum
may be obtained by diagonalizing the 2× 2 Hamiltonian
H →
(
ω(n+ 12 )− gµBBz2 αD
√|2eBz|n
αD
√|2eBz|n ω(n− 12 ) + gµBBz2
)
(B11)
in the basis (|n,+〉, |n− 1,−〉), which gives energies
En,± = ωn±
√
(
ω
2
− gµBBz
2
)2 + |2eBz|α2Dn . (B12)
When ω2 − gµBBz2 > 0, the energy of the eigenstate |0,+〉
coincides with E0,+; in the opposite situation it coincides
with E0,−. Therefore the complete spectrum is given by
En,+ , n = 0, 1, 2, . . .
En,− , n = 1, 2, . . . (B13)
for ω2 − gµBBz2 > 0, and
En,+ , n = 1, 2, . . .
En,− , n = 0, 1, 2, . . . (B14)
for ω2 − gµBBz2 < 0. The eigenstates are given by
ψn+ = cos
ζn
2
|n,+〉+ sin ζn
2
|n− 1,−〉 ,
ψn− = − sin ζn
2
|n,+〉+ cos ζn
2
|n− 1,−〉 (B15)
where
tan ζn =
αD
√|2eBz|n
ω
2 − gµBBz2
, (B16)
and n takes the same values as in the expressions (B13),
(B14). The wavefunctions ψn,±(θ) = 〈θ|ψn,±〉 in the θ-
representation may be obtained by use of Eq. (3); we
obtain
ψn,+(θ) = e
inθ(cos
ζn
2
|+〉+ sin ζn
2
e−iθ|−〉) ,
ψn,−(θ) = einθ(− sin ζn
2
|+〉+ cos ζn
2
e−iθ|−〉) . (B17)
After a shift of index, En− → En+1,−, ψn− → ψn+1,− for
ω
2 − gµBBz2 > 0 and En+ → En+1,+, ψn+ → ψn+1,+ for
ω
2 − gµBBz2 < 0 (so that the spectra in both spin series
begin with index n = 0), we obtain the energies (46) and
wavefunctions (47), (48) shown in the text.
Appendix C: Exact spectra for p-type systems
In the text, three situations are discussed: the case
of an in-plane magnetic field, a pure Rashba interaction,
and a pure Dresselhaus interaction. In the hole case the
creation and annihilation operators are
a =
pi+√
2eBz
, a† =
pi+√
2eBz
(C1)
(note that they are reversed in comparison to the elec-
tron case due to the opposite sign of the electric charge).
As in the electron case we obtain analytical solutions by
diagonalizing the Hamiltonian in the number representa-
tion.
1. In-plane magnetic field
The Hamiltonian is
H = ω(a†a+
1
2
) + eBzαHB‖(eiφa2σ− + e−iφ(a†)2σ+)
−gµBBz
2
σz . (C2)
where the phase φ is related to the direction of the in-
plane magnetic field via B+ = B‖eiφ. The in plane field,
HZ ∝ eiφa2σ− + h.c. couples basis states |n,+〉 and
|n − 2,−〉 with |0,+〉 and |1,+〉 being eigenstates with
energies ω2 − gµBBz2 and 3ω2 − gµBBz2 respectively. The re-
maining spectrum may be obtained by diagonalizing the
2× 2 Hamiltonian
H →
(
ω(n+ 12 )− gµBBz2 2eαHBzB‖e−iφνn
2eαHBzB‖eiφνn ω(n− 32 ) + gµBBz2
)
,
(C3)
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where
νn =
√
n(n− 1) (C4)
in the basis (|n,+〉, |n− 2,−〉), which gives energies
En,± = ω(n− 1
2
)±
√
(ω − gµBBz
2
)2 + (2eαHBzB‖νn)2 .
(C5)
When ω− gµBBz2 > 0, the energy of the eigenstates |0,+〉
and |1,+〉 coincide with E0,+ and E1,+ respectively;
in the opposite situation they coincide with E0,−, E1,−.
Therefore the complete spectrum is given by
En,+ , n = 0, 1, 2, . . .
En,− , n = 2, 3, . . . (C6)
for ω − gµBBz2 > 0, and
En,+ , n = 2, 3, . . .
En,− , n = 0, 1, 2, . . . (C7)
for ω − gµBBz2 < 0. The eigenstates are given by
ψn+ = cos
ζνn
2
|n,+〉+ sin ζνn
2
eiφ|n− 2,−〉 ,
ψn− = − sin ζνn
2
|n,+〉+ cos ζνn
2
eiφ|n− 2,−〉 (C8)
where
tan ζνn =
2eαHBzB‖νn
ω − gµBBz2
, (C9)
and n takes the same values as in the expressions (C6),
(C7). The wavefunctions ψn,±(θ) = 〈θ|ψn,±〉 in the θ-
representation may be obtained by use of Eq. (3); we
obtain
ψn,+(θ) = e
−inθ(cos
ζνn
2
|+〉+ sin ζn
2
e2iθ|−〉) ,
ψn,−(θ) = e−inθ(− sin ζn
2
|+〉+ cos ζn
2
e2iθ|−〉) . (C10)
After a shift of index, En− → En+2,−, ψn− → ψn+2,−
for ω − gµBBz2 > 0 and En+ → En+2,+, ψn+ → ψn+2,+
for ω− gµBBz2 < 0 (so that the spectra in both spin series
begin with index n = 0), we obtain the spectrum (51)
and wavefunctions (53), (54) shown in the text.
2. Rashba interaction
The Hamiltonian is
H = ω(a†a+
1
2
) +
iα′R(2eBz)
3
2
2
(a3σ− − (a†)3σ+)
−gµBBz
2
σz . (C11)
The Rashba interaction H ′R ∝ a3σ− couples basis states
|n,+〉 and |n − 3,−〉 for n ≥ 3. For n = 0, 1, 2, the
basis states |n,+〉 are eigenstates with energy ω(n+ 12 )−
gµBBz
2 . The remaining spectrum may be obtained by
diagonalizing the 2× 2 Hamiltonian
H →
(
ω(n+ 12 )− gµBBz2 −iα′R(2eBzνn)3
iα′R(2eBzνn)
3 ω(n− 52 ) + gµBBz2 )
)
(C12)
where
νn = (n(n− 1)(n− 2)) 13 (C13)
in the basis (|n,+〉, |n− 3,−〉), giving energies
En,± = ω(n− 2)±
√
(
3ω
2
− gµBBz
2
)2 + (α′R)2(2eBzνn)3 .
(C14)
When 3ω2 − gµBBz2 > 0, the energies of the eigenstates|n,+〉 for n = 0, 1, 2 coincide with En,+; in the opposite
situation they coincide with En,−. Therefore the com-
plete spectrum is given by
En,+ , n = 0, 1, 2, . . .
En,− , n = 3, 4, 5, . . . (C15)
for 3ω2 − gµBBz2 > 0 and
En,+ , n = 3, 4, 5, . . .
En,− , n = 0, 1, 2, . . . (C16)
for 3ω2 − gµBBz2 < 0. The eigenstates are given by
ψn,+ = cos
ζνn
2
|n,+〉+ i sin ζνn
2
|n− 3,−〉
ψn,− = − sin ζνn
2
|n,+〉+ i cos ζνn
2
|n− 3,−〉 (C17)
where
tan νn =
α′R(2eBzνn)
3
2
3ω
2 − gµBBz2
, (C18)
and n takes the same values as in the expressions (C15),
(C16).
The wavefunctions the θ-representation are given by
projection of the states (C17) onto the basis (3),
ψn,+(θ) = e
−inθ(cos
ζνn
2
|+〉+ i sin ζνn
2
e3iθ|−〉) ,
ψn,−(θ) = e−inθ(− sin ζνn
2
|+〉+ i cos ζνn
2
e3iθ|−〉) .
(C19)
After a shift of index, En− → En+2,−, ψn− → ψn+3,−
for 3ω2 − gµBBz2 > 0 and En,+ → En+2,+, ψn,+ → ψn+3,+
for 3ω2 − gµBBz2 < 0, we obtain the energies (58) and
wavefunctions (60), (61) shown in the text.
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3. Dresselhaus interaction
The Hamiltonian is
H = ω(a†a+
1
2
)− gµBBz
2
σz+
α′D(2eBz)
3
2
4
((a2a† + a†a2)σ− + ((a†)2a+ a(a†)2)σ−)
(C20)
where α′D is the Dresselhaus constant for the heterostruc-
ture. The Dresselhaus interaction couples basis states
|n,+〉 and |n − 1,−〉 for n ≥ 1. The state |0,+〉 is an
eigenstate with energy ω2 − gµBBz2 . The remaining spec-
trum is given by diagonalization of the 2×2 Hamiltonian
H →
(
ω(n+ 12 )− gµBBz2 α′D(2eBzn)
3
2
α′D(2eBzn)
3
2 ω(n− 12 ) + gµBBz2
)
.
(C21)
in the basis (|n,+〉, |n−1,−〉). The energies are given by
En+ = ωn±
√
(
ω
2
− gµBBz
2
)2 + (α′D)2(2eBzn)3 .
(C22)
When ω2 − gµBBz2 > 0, the energy of the state |0,+〉 co-
incides with E0,+. In the opposite situation, it coincides
with E0,−. Thus the complete energy spectrum consists
of
En,+ , n = 0, 1, 2, . . .
En,− , n = 1, 2, . . . (C23)
for ω2 − gµBBz2 > 0, and
En,+ , n = 1, 2, . . .
En,− , n = 0, 1, 2, . . . (C24)
for ω2 − gµBBz2 < 0. The eigenstates are given by
ψn,+ = cos
ζn
2
|n,+〉+ sin ζn
2
|n− 1,−〉
ψn,− = − sin ζn
2
|n,+〉+ cos ζn
2
|n− 1,−〉 (C25)
where
tan ζn =
α′D(2eBzn)
3
2
ω
2 − gµBBz2
, (C26)
and n takes the same values as in the expressions (C23),
(C24). The wavefunctions in the θ-representation are
given by projection of the states (C25) onto the basis
(3),
ψn,+(θ) = e
−inθ(cos
ζn
2
|+〉+ sin ζn
θ
eiθ|−〉) ,
ψn,−(θ) = e−inθ(− sin ζn
2
|+〉+ cos ζn
2
eiθ|−〉) . (C27)
After a shift of index, En− → En+1,−, ψn,− → ψn+1,−
for ω2 − gµBBz2 > 0 and En,+ → En+1,+, ψn,+ → ψn+1,+
for ω2 − gµBBz2 < 0, we obtain the energies (58) and wave-
functions (60), (61) shown in the text.
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